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Abstract
We show that, under mild conditions, a semigroup of non-negative operators on LpðX ; mÞ
(for 1ppoN) of the form scalar plus compact is triangularizable via standard subspaces if
and only if each operator in the semigroup is individually triangularizable via standard
subspaces. Also, in the case of operators of the form identity plus trace class we show that
triangularizability via standard subspaces is equivalent to the submultiplicativity of a certain
function on the semigroup.
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper we present triangularizability results for semigroups of non-negative
operators acting on LpðX ; mÞ for ðX ; mÞ a s-ﬁnite measure space and 1ppoN: We
use the term non-negative in this paper exclusively in the Banach lattice sense: an
operator T in BðLpðX ; mÞÞ; for 1ppoN; is non-negative if it maps non-negative
functions to non-negative functions.
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For such non-negative operators, a natural question is whether there exists a non-
trivial invariant subspace of a certain distinguished type: a subspace of all functions
in LpðX ; mÞ which are zero outside of some measurable subset X0 of X with X0 and
X \X0 having positive measure. Such subspaces are sometimes referred to as bands or
ideals, but we shall use another common terminology and refer to them as standard
subspaces. These subspaces can be naturally identiﬁed with LpðX0; mjX0Þ: If a
collection of operators has an non-trivial invariant space which is standard, the
collection is sometimes called decomposable or reducible. Since the term decom-
posable is used for a number of different concepts in operator theory, we shall avoid
its use. We shall also reserve the term reducible for collections which have a non-
trivial invariant subspace of any type.
We say a collection of operators SDBðLpðX ; mÞÞ has a standard triangularization
if there is a chain of standard subspaces, each of which is invariant for the operators
in S and which is maximal as a chain of subspaces of LpðX ; mÞ: As shown in [11,
Lemma 8.7.8], a maximal chain of standard subspaces of LpðX ; mÞ is also maximal as
a chain of subspaces of LpðX ; mÞ: Hence, a standard triangularizing chain for a set of
operators SDBðLpðX ; mÞÞ is a chain fLpðXa; mjXaÞg of standard subspaces, where:
each LpðXa; mjXaÞ is invariant for each member of S; and fXag forms a maximal
chain of measurable sets (i.e. | and X ) are in the chain, for each a; Xa ¼
S
boa Xb is
in the chain Xa Xb has positive measure for a4b and Xa\Xa is either an atom or has
measure zero).
These deﬁnitions generalize the ﬁnite-dimensional case of non-negative matrices,
and in that case, the standard subspaces are subspaces spanned by a subset of the
standard basis for Cn; and standard triangularizability is equivalent to being similar
(via a permutation matrix) to an upper triangular matrix.
A semigroup of operators is a collection of operators closed under multiplication.
de Pagter [3] showed that a compact, quasinilpotent, non-negative operator on a
Banach lattice of dimension 2 or greater, has a non-trivial standard invariant
subspace and recently Drnovsˇek [4] extended this result to semigroups of non-
negative, compact, quasinilpotent operators on a Banach lattice. The recent
monograph [11] contains a complete overview of recent results concerning
triangularization or standard triangularization of semigroups and we invite the
reader to consult this book for background material. In Section 2, we generalize
Drnovsˇek’s result in a number of directions, in the case where the Banach lattice is
LpðX ; mÞ:
The theorems we obtain also unify results on standard triangularization of non-
negative semigroups contained in [1,4,11], and others. We shall obtain these results
as corollaries.
The theme of all the results in this paper is that of local conditions implying global
conditions on the semigroup, i.e., that under relatively mild conditions on a
semigroup, the individual standard triangularizability of each member of the
semigroup implies the simultaneous standard triangularizability of the whole
semigroup. Such results have been obtained for the analogous case of triangulariza-
tion of general semigroups of operators; for example in [10] it is shown that if a
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semigroup of compact operators has the property that each pair in the semigroup is
triangularizable then the semigroup is triangularizable. We shall obtain the
analogous result for non-negative semigroups with triangularizability replaced by
standard triangularizability.
In Section 3, we also deﬁne a generalized determinant function on non-negative
operators which are of the form Iþ trace class and show that the submultiplicativity
of this generalized determinant function on a semigroup is equivalent to the standard
triangularizability of the semigroup. This result generalizes a similar result in ﬁnite
dimensions obtained in [11].
2. Standard triangularization of semigroups of compact operators
In this section we consider results of the genre where local conditions (the standard
triangularizability of each individual operator) implies global conditions (the
simultaneous standard triangularizability of the entire semigroup). We begin by
decomposing the underlying measure space X into its continuous and atomic parts
X ¼ C,A; where we denote the atomic part of X by A ¼,fz : z an atom of Xg:
To each non-negative operator T in BðLpðX ; mÞÞ we associate the zero-set of T ;
ZðTÞ ¼ fzAA: R ðTwzÞwz ¼ 0g; where wz denotes the characteristic function of the
set fzg: More generally, if X0 is a measurable subset of X ; wX0 shall denote the
characteristic function of X0; and PX0 shall denote the multiplication operator with
symbol wX0 ; which is the projection onto L
pðX0; mjX0Þ which annihilates LpðX c0 ; mjX c0 Þ:
The lemmas that follow relate the property of all members in a semigroup have a
common atom in their zero-set, or a common atom in the complement of their zero-
set, to the existence of non-trivial standard invariant subspaces of the semigroup.
Lemma 1. If S is a semigroup of non-negative operators in BðLpðX ; mÞÞ and there is
an atom a of the underlying space such that /Swa; waS ¼ 0 for all S in S then S is has
a non-trivial standard invariant subspace.
Proof. The smallest standard subspace containing Swa is proper and invariant. If it
is trivial then the span of wa is a standard invariant subspace. &
Lemma 2. IfS is a semigroup of non-negative operators inBðLpðX ; mÞÞ such that each
element of S has a standard triangularization, and there is an atom a of the underlying
space such that /Swa; waSa0 for all S in S then S is has a non-trivial standard
invariant subspace.
Proof. Choose S in S such that wa is not an eigenvector for S (if this is not possible
then Cwa is a standard subspace invariant for S and we are done). Given any other
operator T in S; by the hypothesis of the lemma we can ﬁnd a standard
triangularizing chain for ST : Necessarily there are two standard subspaces
LpðX1; mjX1Þ and LpðX2; mjX2Þ in this chain such that X2\X1 ¼ af g: If f is a
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non-negative function in LpðX2; mjX2Þ> then necessarily /STwa; fS ¼ 0 but we also
have that
0 ¼ /STwa; fS ¼ /Sðtwa þ gÞ; fS ¼ t/Swa; fSþ/Sg; fS; ð1Þ
where t40 and gX0 by the hypotheses of the lemma. Thus /Swa; fS ¼ 0 for all non-
negative f in LpðX2; mjX2Þ> and we can conclude that Swa is in LpðX2; mjX2Þ: Since wa
is not an eigenvector for S and X2\X1 ¼ fag we obtain that x ¼ PX1ðSwaÞ is a non-
zero function in LpðX1; mjX1Þ: By considering adjoints, a similar argument shows that
Twa is in LqðX c1 ; mjX c
1
Þ (where 1
p
þ 1
q
¼ 1) and hence the functional
T-/Tx; waS ð2Þ
is a non-zero functional on BðLpðX ; mÞÞ which is non-negative and annihilatesS: By
[11, Lemma 8.7.6(ii)], this ensures that S has a non-trivial standard invariant
subspace. &
An operator T on LpðX ; mÞ is called an integral operator if there exists a
measurable, complex-valued function KT on ðX 
 X ; m
 mÞ (called a kernel function
for T ; such that, for all fALpðX ; mÞÞ;
ðTf ÞðxÞ ¼
Z
KTðx; yÞf ðyÞ dmðyÞ: ð3Þ
In this case we shall use the notation T ¼ intðKÞ: An integral operator is non-
negative if and only if its kernel function is a non-negative function. As shown in [11,
Lemma 9.4.7], any non-negative non-zero integral operator T on LpðX ; mÞ for p41;
dominates some non-negative compact operator C on LpðX ; mÞ (in the sense that
0pCpT). If p ¼ 1; we can only assert that T2 dominates a compact operator. We
can exploit this connection to compactness, and the two lemmas above to obtain a
very general standard triangularization result.
Theorem 3. If S is a semigroup of non-negative operators in BðLpðX ; mÞÞ such that:
(1) Each element of S has a standard triangularization;
(2) There is a collection Z of atoms of X such that ZðTÞ ¼ Z for all T in S;
(3) For C the continuous part of X ; and SAS; the compression of S to LpðC; mjCÞ is
of the form ‘‘lI þ T ’’ where T is an integral operator;
then S has a (simultaneous) standard triangularization.
Proof. Choose a maximal chain of standard invariant subspaces forS: No block in
this chain of dimension greater than one can contain an atom by the above lemmas,
as this would contradict maximality. Thus we have reduced to the continuous case,
we may assume that X is a continuous measure space and we need only establish the
existence of a non-trivial standard invariant subspace ofS to reach a contradiction.
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In the case whereS consists of integral operators (i.e. zero scalar part), consider the
expanded semigroup
T ¼ fTABðLpðX ; mÞÞ: 0pTpS for some SASg: ð4Þ
This semigroup consists of non-negative operators, containsS and, as long as there
exists T in T with T2a0; contains non-trivial compact operators, as per the
comments made above. But the semigroup-ideal of compact operators in T has a
standard invariant subspace by a theorem of Drnovsˇek’s [4] (since compact
operators on a continuous measure space which have a standard triangularization
must be quasinilpotent) and soT also has a non-trivial standard invariant subspace
(see [11, Lemma 8.7.6]). If every T in T has square zero then the argument in the
proof of [11, Theorem 9.4.9] establishes the existence of a non-trivial standard
invariant subspace.
If S consists of operators of the form ‘‘scalar plus integral operator’’ then
the ‘‘non-scalar’’ parts are integral operators (the decomposition as scalar
plus integral is unique over a continuous measure space because the identity
is not an integral operator) and so by above the semigroup generated by the
integral parts has a non-trivial standard invariant subspace, so S also has a
non-trivial standard invariant subspace since every element in S is dominated by a
sum of elements from the semigroup generated by the ‘‘non-scalar’’ parts and
scalars. &
It is clear that if fLpðXa; mjXaÞg is a maximal chain of standard subspaces in
LpðX ; mÞ and Y is a measurable subset of X then LpðXa-Y ; mjXa-Y Þ is a maximal
chain of subspaces in LpðY ; mjY Þ: Hence, if fLpðXa; mjXaÞg is a standard
triangularizing chain for a collection C of operators and LpðY ; mjY Þ is a semi-
invariant subspace for C; then LpðXa-Y ; mjXa-Y Þ is a standard triangularizing chain
for the compression of C to LpðY ; mjY Þ: So the property of having a standard
triangularization is inherited by compressions to semi-invariant standard subspaces.
This fact was used implicitly in the proof of the above theorem and will be used again
below.
Example 4. The semigroup of all matrix units S ¼ fei#ejgNi; j¼1 in BðlpðNÞÞ is a
semigroup of rank-one operators with no non-trivial standard invariant subspaces
and shows that the condition of a common zero set is required. The example of all
translations (modulo 1) by rational numbers fUr: rAQgDBðLp½0; 1ÞÞ shows that
Theorem 3 is not true for general operators and some relation to compactness must
be present.
We can use the above results to show that the standard triangularizability of any
pair of operators in a semigroup of non-negative integral operators implies the
standard triangularizability of the semigroup as a whole.
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Theorem 5. If S is a semigroup of non-negative operators of the form ‘‘scalar plus
integral operator’’ in BðLpðX ; mÞÞ such that each pair fS; Tg of operators in S have a
(simultaneous) standard triangularization then S has a (simultaneous) standard
triangularization.
Proof. Since, by the comments after the proof of Theorem 3, the property of having
a standard triangularization is inherited by compressions to semi-invariant standard
subspaces, it sufﬁces to show that S has a non-trivial standard invariant subspaces.
If X does not contain an atom, or at every atom a in X ; /Swa; waSa0 for all S inS;
the result follows from Theorem 3. If there exists an atom a and some Sa inS where
/Sawa; waS ¼ 0 consider the set I ¼ fSAS: /Swa; waS ¼ 0g: Since pairs of
operators in S have a simultaneous standard triangularization, this is a (non-zero)
ideal inS and so has a non-trivial standard invariant subspace by Lemma 1. Hence,
by [11, Lemma 8.7.6], S has a standard invariant subspace and the theorem is
proven. &
If we weaken the hypotheses of the above theorem somewhat, we can still obtain
some standard invariant subspace results.
Theorem 6. If S is a semigroup of non-negative compact operators in BðLpðX ; mÞÞ
such that S ¼ RþS then
(1) If r ¼ minfrankðSÞ: SAS; Sa0g is greater than one and each element ofS has a
standard triangularization then S has a chain of standard invariant subspaces of
length r  1 or greater.
(2) If the set of nilpotents in S form an ideal (it may be zero) and each element of S
has a standard triangularization then S has a (simultaneous) standard
triangularization.
Proof. (1) Assume S is has no non-trivial standard invariant subspaces and
r is as deﬁned in the theorem. Then, by [11, Lemmas 5.2.2, 8.7.17], there
exists an idempotent E in S of rank r such that ESE is a group (with
identity E). Then by [11, Lemma 8.7.13], there exists a positive basis x1; x2;y; xr
for the range of E; such that the matrices, with respect to this basis, of all elements of
ESE are non-negative. After a diagonal similarity, these matrices form a
permutation group, which is necessarily transitive since S has no non-trivial
standard invariant subspaces. This is a contradiction since all elements of S have a
standard triangularization and hence, when compressed to any standard subspace
still have a standard triangularization, but no non-diagonal invertible permutation
has a standard triangularization. Hence S has a non-trivial standard invariant
subspace.
Let LpðX0; mjX0Þ be an invariant subspace for S: Then with respect to the
decomposition LpðX ; mÞ ¼ LpðX0; mjX0Þ"LpðX c0 ; mjX c0 Þ every element in S has block
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matrix
S1 
0 S2
 
: ð5Þ
The set of all ð1; 1Þ entries (resp. the set of all ð2; 2Þ entries) of the above block matrix
forms a semigroup S1 (resp. S2) and it can be shown (as in the proof of [11,
Theorem 5.1.13]) that r ¼ r1 þ r2 where rj ¼ minfrankðSÞ: SASj; Sa0g: Via a
trivial extension, if we have a maximal chain M1; M2;y; Mk of standard invariant
subspaces for S; then the elements of S can be represented as a k 
 k upper-
triangular block matrices and the diagonal entries from semigroups S1;S2;y;Sk
and r ¼ r1 þ r2 þ?þ rk but by the maximality of the chain, Sj must have no non-
trivial standard invariant subspace, so by the above argument, each ri ¼ 1; so r ¼ k
and part (1) is established.
(2) Assume S has no non-trivial standard invariant subspaces. Then by (1), there
is a rank-one operator inS: By passing to the semigroup ideal of all operators inS
of rank one or less, with no loss of generality we may assumeS consists of rank-one
operators. If the ideal of nilpotents is non-trivial, [4] implies S has a non-trivial
standard invariant subspace. By this sequence of reductions we may assume that
every member of S is a non-negative multiple of a rank-one idempotent. It is well-
known (see [11, Lemma 8.7.12] for a complete description of non-negative
idempotents of a given rank) that every rank-one idempotent E has a block matrix
decomposition
E ¼
0 x xZ
0 1 Z
0 0 0
2
64
3
75 ð6Þ
with respect to a decomposition LpðX ; mÞ ¼ LpðX1; mjX1Þ"Cwa"LpðX2; mjX2Þ: Also,
all idempotents must have the same atom af g in the center of the decomposition,
since otherwise, by simultaneously triangularizing fE1; E2g we see that E1E2 is
nilpotent and hence, by the above, equal to zero. But then E2SE1 consists of square-
zero operators and hence again E2SE1 ¼ f0g: By [11, Lemma 8.7.6], S has a non-
trivial standard invariant subspace. So we are led to the case where every element in
S is a non-negative multiple of an idempotent, each of which has the above form
with respect to a ﬁxed standard decomposition LpðX ; mÞ ¼
LpðX1; mjX1Þ"Cwa"LpðX2; mjX2Þ of the space. So ZðSÞ ¼ fag for all S in S and
so by Theorem 3 above,S has a standard triangularization. Hence we have reached
a contradiction and so S has a non-trivial standard invariant subspace. The
hypothesis of the theorem are satisﬁed by restrictions to invariant (or coinvariant)
standard subspaces so by the usual maximality arguments, S has a standard
triangularization. &
ARTICLE IN PRESS
G. MacDonald, H. Radjavi / Journal of Functional Analysis 219 (2005) 161–176 167
Example 7. The semigroup of all upper triangular r 
 r block matrices (acting on
lpðNÞðrÞ) of the form
S ¼
S X12 ? X1r
0 S X2r
^ & ^
0 0 S
2
6664
3
7775: S a matrix unitXij non-negative
8>><
>>:
9>>=
>>;
ð7Þ
illustrates that the conclusion in part (1) of Theorem 6 is best possible.
Example 8. The semigroup generated by the bilateral shift and its inverse on cpðZÞ
shows that Theorem 6(2) may not be extended to integral operators.
The construction in [5] of an irreducible semigroup of non-negative square-zero
operators of Lp½0; 1; for 1ppoN in which any ﬁnite number of elements in the
semigroup generate a semigroup with a standard triangularization, shows that no
local condition of the form: any n members of the semigroup have a simultaneous
standard triangularization is sufﬁcient to ensure the existence of a non-trivial
standard invariant subspace (or even just a non-trivial invariant subspace) of the
entire semigroup of non-negative operators when no compactness is present.
A number of known results can be obtained as direct corollaries of Theorems 3 or
6. We list just a few.
Corollary 9 (Choi et al. [1, Corollary 2.5]). Let S be a semigroup of operators acting
on a Hilbert space H; and feagaAA an orthonormal basis of H: If /Sea; ebSX0 and
/Sea; eaS ¼ 0 for each SAS and a;bAA; then there exists a total ordering of A such
that /Sea; eaS ¼ 0 whenever SAS and aobAA:
Corollary 10. If S is a semigroup of non-negative integral operators acting on
LpðX ; mÞ where 1ppoN and X is a continuous measure space, and each S in S has a
standard triangularization then S has a (simultaneous) standard triangularization.
A non-negative integral operator on a continuous measure space which has a
standard triangularization need not be quasinilpotent, as is seen by intðKÞ on LpðRÞ
where 1ppoN; with Kðx; yÞ ¼ 1 if 0oxoy þ 1 and zero otherwise. The integral
operator with this kernel is actually an isometry [6]. However, if an integral operator
is quasinilpotent it automatically has a standard triangularization (see [3]). Hence we
get the following.
Corollary 11 (Radjavi and Rosenthal [11, Theorem 9.4.9]). A semigroup of non-
negative, quasinilpotent integral operators on LpðX ; mÞ; where 1ppoN; has a
(simultaneous) standard triangularization.
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3. Determinants and standard triangularization
In [11] it is shown that if each element of a semigroup of invertible non-negative
matrices has an (individual) standard triangularization then the entire semigroup has
a (simultaneous) standard triangularization. This result is obtained as a corollary of
the following determinant result for matrices.
Theorem 12 (Radjavi and Rosenthal [11, Theorem 5.1.6]). Let S be a semigroup of
invertible non-negative matrices. For each SAS; let dðSÞ denote the product of all
diagonal entries of S: Then the following conditions are mutually equivalent:
(1) S has a standard triangularization;
(2) each member of S has a standard triangularization;
(3) the diagonal of each S in S consists precisely of its eigenvalues repeated according
to their multiplicities;
(4) detðSÞ ¼ dðSÞ for every S in S;
(5) d is multiplicative on S;
(6) d is submultiplicative on S;
(7) each member of S becomes nilpotent if its diagonal entries are replaced by zeroes.
We shall generalize this theorem to semigroups acting on inﬁnite-dimensional
Banach spaces.
The natural domain of the determinant, on the set of Hilbert space operators, is
those operators of the form I þ C; where C is a trace-class operator. There is not a
unique natural extension of the idea of trace and trace-class to Banach space
operators, However, the following construction will give a suitable analogue of
trace-class which has all the properties we need.
Deﬁnition 13. For T in BðXÞ; X a Banach space and nAN; the nth approximation
number of T is deﬁned to be
anðTÞ ¼ inffjjT  F jj: FABðX Þ; rankðFÞong: ð8Þ
Let C1ðXÞ denote the class of all T in BðXÞ with
PN
n¼1 anðTÞoN: We shall refer to
operators in C1ðXÞ as trace-class operators.
It can be shown (see [8,9]) that C1ðX Þ is an ideal of the compact operators, and
that the trace is well-deﬁned on C1ðXÞ as the continuous extension of the trace of
ﬁnite-rank operators (in appropriate topologies). Also, if TAC1ðXÞ then
trðTÞ ¼
XN
n¼1
lnðTÞ; ð9Þ
where lnðTÞ are the eigenvalues of T ; repeated according to multiplicity and the
above sum converges absolutely. We will also make use of the fact that if T is a non-
negative trace-class operator on LpðX ; mÞ then trðTÞX0: This is relatively
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straightforward approximation argument. Two less obvious facts we now state as
lemmas.
Lemma 14 (Konig [8, pp. 227–228]). If T is a trace-class operator on cpðNÞ; with
infinite matrix ½tij Ni; j¼1 then
PjtiijoN:
The following lemma is well-known, but no speciﬁc reference to the proof could be
found, so we include our own proof for completeness.
Lemma 15. If S is in BðLpðX ; mÞÞ; where 1ppoN; X is a continuous, s-finite
measure space, and S is non-negative and S ¼ lI þ T for some compact operator T ;
then T is also non-negative.
Proof. Fix a maximal chain fXigni¼1 of measurable subspaces of X and consider all
ﬁnite subchains
F ¼ f| ¼ Xi0CXi1CXi2C?Xin ¼ Xg ð10Þ
as a net ordered by inclusion. For k ¼ 1; 2;y; n; let Pk denote the projection onto
LpðXik \Xik1 ; mjXik \Xik1 Þ given by multiplication by the characteristic function of
Xik \Xik1 : Then, for any operator S in BðLpðX ; mÞÞ; deﬁne DFðSÞ ¼
Pn
k¼1PkSPk: It
is clear that if S is non-negative, then DFðSÞpS; so S DFðSÞX0: In the case
where S ¼ lI þ K ; S DFðSÞ ¼ K DFðKÞ: As shown in [2, Proposition 4.3], if K
is compact, DFðKÞ converges in norm to 0, so K is a norm-limit of non-negative
operators and hence must be non-negative. &
Let ðI þ C1ðLpðX ; mÞÞÞþ denote the set of all non-negative operators in
BðLpðX ; mÞÞ of the form identity plus trace-class operator. This will be the natural
domain of the map we deﬁne to generalize d to inﬁnite dimensions.
Deﬁnition 16. Given a s-ﬁnite measure space ðX ; mÞ; we deﬁne P to be the directed
set of all measurable ﬁnite partitions of X ; partially ordered by reﬁnement. So if
fEigni¼1 and fFjgmj¼1 are in P; we say fEigni¼1%fFjgmj¼1 if, for each i ¼ 1; 2;y; n; there
exists JiDf1; 2;y; ng such that Ei ¼
S
jAJi Fj:
Then, given PAP and S; a non-negative operator in BðLpðX ; mÞÞ of the form
S ¼ I þ T where TAC1; deﬁne
dPðSÞ ¼
Yn
i¼1
ð1þ trðPEi TPEiÞÞ and dðSÞ ¼ lim
PAP
dPðSÞ: ð11Þ
It is not necessary that S be non-negative for dðSÞ to be deﬁned, and there may be
information to be gained about general operators of the form ‘‘identity plus trace
class’’ from the d function. However, we shall restrict our attention to the case of
non-negative operators.
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In the case where X is a ﬁnite atomic measure space it is easy to see that d agrees
with the deﬁnition given in Theorem 7. In case where X is not ﬁnite atomic, it is not
even clear that d is well deﬁned. The next theorem will establish this.
Theorem 17. Given S in ðI þ C1ðLpðX ;mÞÞÞþ; dðSÞ ¼ limPAP dPðSÞ exists and if X ¼
C,A is the decomposition of the measure space into its continuous and atomic parts,
and for a an atom in A; we let sa ¼ trðPaSPaÞ and let PC denote the projection onto
LpðC; mjCÞ given by multiplication by wC where C is the continuous part of the measure
space X then
dðSÞ ¼
Y
aAA
sa
 !
etrðPCðSIÞPCÞ: ð12Þ
Proof. Let SC denote the compression of S to L
pðC; mjCÞ and let SA denote the
compression of S to LpðA; mjAÞ: By reﬁning our partition P to contain only
measurable subsets of either C or A we can assume that dPðSÞ ¼ dPjC ðSCÞdPjAðSAÞ
and so we just need to prove the theorem for the two cases: (1) X is a continuous
measure space, or (2) X is a totally atomic measure space. First consider the case
where X is continuous and suppose P ¼ fEigni¼1%Q ¼ fFjgmj¼1 in P: Then, for each
iAf1; 2;y; ng; there exists Ji disjoint subsets of f1; 2;y; mg such that Ei ¼
S
jAJi Fj :
Then by Lemma 15 since S ¼ I þ T is non-negative and T is compact, we must have
that in fact T is non-negative. HenceY
jAJi
ð1þ trðPFj TPFj ÞÞX1þ trðPEi TPEiÞ ð13Þ
so
dQðSÞ ¼
Ym
j¼1
ð1þ trðPFj TPFj ÞÞ
¼
Yn
i¼0
Y
jAJi
ð1þ trðPFj TPFj ÞÞ
 !
X
Yn
i¼1
ð1þ trðPEi TPEiÞÞ ¼ dPðSÞ
and hence the net is increasing. Using the inequality 1þ xpex; we also have that
dPðSÞ ¼
Yn
i¼1
ð1þ trðPEi TPEiÞÞ
p
Yn
i¼1
etrðPEi TPEi Þ ¼ e
Pn
i¼1 trðPEi TPEi ÞpetrðTÞ
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and hence the net is bounded. Thus the net converges. Since mjC is continuous, the
measure nðEÞ ¼ trðPETPEÞ is continuous and ﬁnite, so given any n we can choose a
partition Pn ¼ fEðnÞ1 ;y; EðnÞn g for C consisting of n sets each of measure nðCÞ=n:
Then
dðSÞ ¼ lim
n-N
dPnðSÞ ¼ lim
n-N
Yn
i¼1
ð1þ trðP
E
ðnÞ
i
TP
E
ðnÞ
i
ÞÞ
¼ lim
n-N
1þ nðCÞ
n
 n
¼ enðCÞ ¼ etrðSIÞ:
Now consider the case where X is atomic. Let fxigNi¼1 be an enumeration of the
atoms of X and again S ¼ I þ T where T is trace class. Setting ti ¼ trðwxi TwxiÞ; we
have that trðTÞ ¼PNi¼1 ti: We claim that dðSÞ ¼ QNi¼1ð1þ tiÞ: To prove this, note
that since T is trace class, by Lemma 14,
PN
i¼1 jtijoN so the inﬁnite product
converges. It is then a straightforward approximation argument to show that any
dPðBÞ will be within any prescribed tolerance of
QN
i¼1ð1þ tiÞ when P is any
reﬁnement of the partition fx1; x2;yxng for n large.
Putting these two parts together we obtain the formula for dðSÞ for a general s-
ﬁnite measure space. &
Example 18. Consider the semigroup of operators
S ¼ fSa ¼ I þ að1#1Þ: aACgDBðL2½0; 1ÞÞ: ð14Þ
As mentioned previously, non-negativity of S is not necessary for dðSÞ to be deﬁned.
The semigroupS has no non-trivial standard invariant subspace and it is easy to see
that SaSb ¼ Saþbþab; and dðSaÞ ¼ ea: In particular, the only subsemigroup of fSa ¼
I þ að1#1Þ: aACg on which d is multiplicative is fIg and any subsemigroup of
fSa ¼ I þ að1#1Þ: aARg on which d is submultiplicative must be contained in
fSa ¼ I þ að1#1Þ: aAR; ap0g:
This example illustrates a connection between the submultiplicativity of d on S;
the order structure of S and the existence of non-trivial standard invariant
subspaces of S: We shall exploit this connection to obtain standard triangulariza-
tion results.
The following theorem describes some of the other properties of the map d:
Theorem 19. The function d as defined above on ðI þ C1ðLpðX ; mÞÞÞþ has the following
properties:
(1) d is monotone, that is if SpT then dðSÞpdðTÞ;
(2) for any multiplication operator Mj which is one to one with dense range,
dðMjSM1j Þ ¼ dðSÞ;
(3) d is continuous in the trace norm.
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Proof. Properties (1)–(3) follow directly from the formula for d given in Theorem
17. &
Deﬁnition 20. For each atom a in X ; let ja be the functional on ðI þ C1ðLpðX ; mÞÞÞþ
deﬁned by jaðSÞ ¼ trðwaSwaÞ and for each measurable subset Y of the continuous
part of X ; let jY be the functional on ðI þ C1ðLpðX ; mÞÞÞþ deﬁned by
jY ðSÞ ¼ etrðPY ðSIÞPY Þ:
From Theorem 17 above we have that d is a product of the functionals ja and jC :
Theorem 21. Each of the functionals fjag where a is an atom in X and fjYg where Y
is a measurable subset of the continuous part of X are supermultiplicative on ðI þ
C1ðLpðX ; mÞÞÞþ; that is jðSTÞXjðSÞjðTÞ for all S and T in ðI þ C1ðLpðX ; mÞÞÞþ
and hence d is also supermultiplicative on ðI þ C1ðLpðX ; mÞÞÞþ:
Proof. That each fja: a an atom in Xg is supermultiplicative follows directly from
non-negativity. If S ¼ I þ A and T ¼ I þ B then,
jY ðSTÞ
jY ðSÞjY ðTÞ
¼ expðtrðPY ðST  IÞPY Þ  trðPY ðS  IÞPY Þ  trðPY ðT  IÞPY ÞÞ
¼ expðtrðPY ABPY ÞÞXexpðtrðPY APY BPY ÞÞ
and PY APY BPY is the non-scalar part of a non-negative trace-class operator on a
continuous measure space, and so by Lemma 15 is itself non-negative and hence has
non-negative trace, and the result is proven. &
With these basic properties in hand we are ready to connect the submultiplicativity
of d on a semigroup to the standard triangularizability of the semigroup. We begin
with a degenerate case.
Lemma 22. If any ja is submultiplicative on a semigroup S of non-negative operators
in BðLpðX ; mÞÞ then there are two standard subspaces LpðX1; mjX1Þ and LpðX2; mjX2Þ
which are invariant for S such that X2\X1 ¼ fag:
Proof. Let X2 be the support of fSwa: SASg and X1 ¼ X2\fag: Given any two
operators S and T in S; consider their 3
 3 block matrices with respect to
LpðX ; mÞ ¼ LpðX1; mjX1Þ"Cwa"LpðX c2 ; mjX c2 Þ: Then
S ¼
S1 xS S2
ZS s z

S
0 0 S3
2
64
3
75 and T ¼
T1 xT T2
ZT t z

T
0 0 T3
2
64
3
75 ð15Þ
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since LpðX2; mjX2Þ is invariant for S: The submultiplicativity of ja implies that
ZSxT þ stpst: Hence, by the deﬁnition of X2; we must have ZS ¼ 0 and so
S ¼
S11 xS S12
0 s zS
0 0 S22
2
64
3
75 ð16Þ
for all S in S: &
Lemma 23. If B is in ðI þ C1ðLpðX ; mÞÞÞþ and dðBnÞ ¼ 0 for all n ¼ 1; 2;y then B
has a non-trivial standard invariant subspace.
Proof. Since B (and hence Bn) is non-negative, we have that ZðBnÞDZðBÞ:
The condition that dðBnÞ ¼ 0 implies that each ZðBnÞ is non-empty and since
B  I has ﬁnite trace, ZðBÞ must be ﬁnite. As in the proof of [11, Corollary 5.1.4],
this implies there is an atom a such that /Bnwa; waS ¼ 0 for all n ¼ 1; 2;y;
so the smallest standard subspace containing fBnwagNn¼1 is a proper subspace
invariant for B: &
Recall the following standard deﬁnition of determinant.
Deﬁnition 24. If TAI þ C1; and if fl1; l2;yg is an enumeration of the non-zero
eigenvalues of T  I ; repeated according to multiplicity, then
detðTÞ ¼
YN
i¼1
ð1þ liÞ: ð17Þ
If T has no eigenvalues, deﬁne detðTÞ ¼ 1:
This function det acts like the ordinary determinant (acting on n 
 n matrices) in
many ways. A key property which we shall require is that detðABÞ ¼ detðAÞdetðBÞ
whenever A and B are in I þ C1: Another fact we shall need is Ringrose’s Theorem,
which is stated below in the special case of a chain of standard subspaces. Recall
that, as mentioned in the introduction: a chain of standard subspaces fLpðXa; mjXaÞg
is maximal if and only if fXag form a maximal chain of measurable sets in the sense
that: (1) | and X are in the chain, Xa ¼
S
boa Xb is in the chain Xa Xb has positive
measure for a4b and Xa\Xa is either an atom or has measure zero.
Theorem 25 (Ringrose’s Theorem). If K is a compact operator on a LpðX ; mÞ and
fLpðXa; mjXaÞg is a standard triangularization of K ; then the spectrum of K is
f0g,fPXa\Xa K jXa\Xa : Xa\Xa an atom in Xg: ð18Þ
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A proof of Ringrose’s Theorem, in the Hilbert space case, can be found in [2] or
the reader may consult Ringrose’s original paper [12] for a different proof for general
Banach spaces.
It is clear from this theorem that if a semigroupS contained in fI þ C1ðLp½0; 1Þg
and fw½0;tÞLp½0; 1gtA½0;1 are invariant for S (or any semigroup which has a standard
triangularization with a continuous triangularizing chain) then dðSÞ ¼ 1 for all S in
S: This is just one consequence of a more general theorem.
For a compact operator S acting on LpðX ; mÞ; DðSÞ shall denote the diagonal of S;
which we deﬁne as
DðSÞ ¼
X
fPaSPa: a an atom of Xg: ð19Þ
Theorem 26. Let S be a semigroup of invertible non-negative operators contained in
I þ C1ðLpðX ; mÞÞ: The following conditions are mutually equivalent:
(1) S has a (simultaneously) standard triangularization,
(2) each member of S has a standard triangularization,
(3) detðSÞ ¼ dðSÞ for every S in S;
(4) d is multiplicative on S;
(5) d is submultiplicative on S;
(6) each member of S I becomes quasinilpotent if its diagonal atomic entries are
replaced by zeros.
Proof. The implications ð1Þ ) ð2Þ and ð3Þ ) ð4Þ ) ð5Þ are all immediate. That
ð2Þ ) ð3Þ follows from Ringrose’s Theorem.
To show that ð2Þ ) ð1Þ; note that every element of S has a standard
triangularization and is injective and so has non-zero diagonal-entries. Hence the
zero-set of every element of S is empty and so by Theorem 3, S has a standard
triangularization.
To show ð5Þ ) ð2Þ; note that we can assume that dðSÞ40 for all S in S since, if
not, by Lemmas 23 and 22 if dðSÞ ¼ 0 then S has 0 as an eigenvalue and so is not
invertible.
Hence we obtain that each ja where a is an atom in X and each jY where Y is a
measurable subset of the continuous part of X are supermultiplicative and are all
non-zero. Let fLpðXa; mjXaÞg be a maximal chain of standard invariant subspaces for
S: Then if Xa\Xa contains an atom a then by Lemma 22 and maximality Xa\Xa ¼
fag and so dimðLpðXa; mjXaÞ~LpðXa ; mjXa ÞÞ ¼ 1: If Xa\Xa does not contain an
atom then since d restricted to SjLpðXa\Xa ;mjXa\Xa Þ is also submultiplicative we have
that for any two S ¼ I þ A and T ¼ I þ B in S that trðPaABPaÞ ¼ 0; so
trðPaAnPaÞ ¼ 0 and since the range of Pa is semi-invariant for S; trððPaAPaÞnÞ ¼
0: But, as shown in [7, Theorem 5], this implies that PaAPa is quasinilpotent and
hence has a standard triangularization. Hence Xa\Xa has measure zero and A has a
standard triangularization.
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That ð1Þ ) ð6Þ again follows from Ringrose’s Theorem and to see that ð6Þ ) ð2Þ;
note that by de Pagter [3], every quasinilpotent compact operator has a standard
triangularization so, assuming ð6Þ; then S  I  DðS  IÞ; the ‘‘non-diagonal’’ part
of each member S of S I has a standard triangularization, but every standard
subspace is invariant for DðS  IÞ; the ‘‘diagonal part’’ of S  I ; so every member of
S has a standard triangularization. &
An immediate corollary for an individual operator is as follows.
Corollary 27. Let A be a non-negative, trace-class operator acting on LpðX ; mÞ: The
following conditions are mutually equivalent:
(1) A has a standard triangularization;
(2) the eigenvalues of DðAÞ consists precisely of the eigenvalues of A with the same
multiplicity;
(3) A  DðAÞ is quasinilpotent.
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